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Abstract
We study meson resonances with quantum numbers JP = 1+ in terms of the chiral
SU(3) Lagrangian. At leading order a parameter-free prediction is obtained for the
scattering of Goldstone bosons off vector mesons with JP = 1− once we insist on ap-
proximate crossing symmetry of the unitarized scattering amplitude. A resonance
spectrum arises that is remarkably close to the empirical pattern. In particular,
we find that the strangeness-zero resonances h1(1380), f1(1285) and b1(1235) are
formed due to strong K K¯µ and K¯ Kµ channels. This leads to large coupling con-
stants of those resonances to the latter states.
1 Introduction
In recent works [1,2,3,4,5] it was demonstrated that chiral SU(3) symmetry
predicts parameter-free JP = 1
2
−
and JP = 3
2
−
baryon resonances. It was ob-
served that the resonance states turn into bound states in the heavy SU(3)
limit with mpi,K,η ≃ 500 MeV but disappear altogether in the light SU(3) limit
with mpi,K,η ≃ 140 MeV. Related works [6,7,8,9,10] that did not insist on ap-
proximate crossing symmetric scattering amplitudes [3] and therefore involve
a larger set of free parameters adjusted to the data are in qualitative agree-
ment with the parameter-free computation [4] for the s-wave JP = 1
2
−
baryon
resonances. Even earlier in the 60s a series of works [11,12,13,14,15] predicted
a wealth of s-wave baryon resonance generated by coupled-channel dynam-
ics. Those works were based on a SU(3)-symmetric interaction Lagrangian
that is closely related to the leading order chiral Lagrangian. All these results
strongly support a conjecture put forward by the authors that baryon reso-
nances that do not belong to the large-Nc ground state of QCD are generated
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by coupled-channel dynamics [2,3,16]. If this conjecture is further substan-
tiated one would expect an analogous mechanism to be at work in the me-
son sector, i.e. we conjecture in this work that meson resonances not belong-
ing to the large-Nc ground state of QCD are generated by coupled-channel
dynamics as well. In contrast to the baryon sector it is not so immediate
which meson states one should identify to be the large-Nc ground states of
QCD. Without controversy we would take for the latter the SU(3) Goldstone
bosons, (π(140), K(494), η(545)), with JP =0− and the lightest vector mesons
(ρµ(770), ωµ(782), Kµ(892), φµ(1020)) with J
P = 1−. However, it is unclear
whether to include also the lightest meson resonances with quantum numbers
JP =0+ and JP =1+. From recent coupled-channel analyses that were based
on the chiral SU(3) Lagrangian and were able to quantitatively describe the
ππ phase shifts in the JP =0+ sector we would conclude that meson resonances
with scalar quantum numbers should be generated dynamically. A prime ex-
ample is the f0(980) resonance [17,18,19,20,21,22] which long ago was found to
be a KK¯−molecule. This is analogous to the finding that the parity partners
of the large-Nc baryon ground states, i.e. baryon resonances with J
P = 1
2
−
and
JP = 3
2
−
, are predicted by chiral coupled-channel dynamics. In view of these
results it is quite natural to also describe the axial-vector meson resonances
in terms of coupled-channel dynamics rather than identifying the latter to be
part of the large-Nc ground state of QCD. Our point of view differs here from
that one expressed in recent works [23,24] where the axial-vector mesons are
part of a minimal hadronic ansatz of large-Nc QCD.
In this work we study the scattering of Goldstone bosons off vector mesons
using the leading order chiral Lagrangian. Our results are parameter free once
we insist on approximate crossing symmetric scattering amplitudes. We find
that chiral symmetry predicts the existence of the axial-vector meson res-
onances (h1(1170), h1(1380), f1(1285), a1(1260), b1(1235), K1(1270), K1(1400))
with a spectrum that is surprisingly close to the empirical one. A result anal-
ogous to the baryon sector [3,4,5] is found: in the heavy SU(3) limit with
mpi,K,η ≃ 500 MeV and mρ,ω,K∗,φ ≃ 900 MeV the resonance states turn into
bound states forming two degenerate octets and one singlet of the SU(3) fla-
vor group with masses 1360 MeV and 1280 MeV respectively. Taking the light
SU(3) limit with mpi,K,η ≃ 140 MeV and mρ,ω,K∗,φ ≃ 700 MeV we do not ob-
serve any bound-state nor resonance signals anymore. Since the leading order
interaction kernel scales with N−1c the resonances disappear also in large-Nc
limit. Using physical masses a pattern arises that compares surprisingly well
with the empirical properties of the JP =1− meson resonances.
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2 Chiral coupled-channel dynamics: the χ-BS(3) approach
The starting point to study the scattering of Goldstone bosons off vector
mesons is the chiral SU(3) Lagrangian. Though it is straight forward to con-
struct the infinite tower of covariant interaction terms [25] the inclusion of
massive vector mesons into the chiral Lagrangian is non-trivial: it requires a
careful check whether chiral power counting rules can be realized manifestly.
A solution to this problem is a systematic heavy-meson expansion [27]. An
alternative solution is offered by the minimal chiral MSχ-scheme [3] devel-
oped in the meson-baryon sector recently (see also [28,29,30]). The latter is
based on dimensional regularization as applied to Feynman diagrams derived
from the relativistic chiral Lagrangian and therefore preserves also all Ward
identities if applied in perturbation theory. It exploits an ambiguity of how
to introduce a subtraction scheme in dimensional regularization that arises
once the theory is expected to be applicable only around a heavy mass scale.
Certain algebraic consistency identities that probe the full relativistic loop
functions outside the validity domain of the theory but that are respected by
the MS scheme are given up with the benefit that chiral power counting rules
can be implemented manifestly. Consistency is achieved by subtracting not
only the standard poles at d = 4 but in addition poles at d = 3 [31] that arise
in the chiral limit. The resulting loop functions are finite and well defined and
comply with the leading chiral moment predicted by chiral power counting
rules. The loop functions may be expanded further identifying subleading chi-
ral moments. It is obvious that the MSχ scheme is applicable to the chiral
Lagrangian involving any heavy fermion or boson field.
We proceed and identify the leading order Weinberg-Tomozawa interaction
Lagrangian density [32,25,26]
LWT (x) =− 1
16 f 2
tr
(
[Φµ(x) , (∂νΦµ(x))]− [φ(x), (∂ν φ(x))]−
)
, (1)
describing the interaction of the Goldstone bosons field φ with a massive
vector-meson field Φµ. The parameter f in (1) is known from the weak decay
process of the pions. We use f = 90 MeV through out this work. In (1) we omit
additional terms that do not contribute to the on-shell scattering amplitude
of Goldstone bosons off vector-meson at tree-level. Such terms are suppressed
and not probed in a leading order calculation using the χ−BS(3) scheme.
Similarly we do not anticipate a dependence on the choice of the realization of
the spin 1 field, though this issue may deserve further studies once sub-leading
terms are included. Due to the on-shell reduction scheme discussed in detail in
the following section we do not expect different results if we apply the tensor
realization rather than the vector realization used in (1). The equivalence of
the two realizations in some cases was demonstrated in [26] to leading orders.
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Since we will assume perfect isospin symmetry it is convenient to decompose
the fields into their isospin multiplet
φ = τ · π(140) + α† ·K(494) +K†(494) · α + η(547) λ8 ,
Φµ = τ · ρµ(770) + α† ·Kµ(892) +K†µ(892) · α
+
(
2
3
+ 1√
3
λ8
)
ωµ(782) +
(√
2
3
−
√
2
3
λ8
)
φµ(1020) ,
α† = 1√
2
(λ4 + i λ5, λ6 + i λ7) , τ = (λ1, λ2, λ3) , (2)
with for instance Kµ = (K
(+)
µ , K
(0)
µ )
t and ρµ = (ρ
(1)
µ , ρ
(2)
µ , ρ
(3)
µ ). The matrices
λi are the standard Gell-Mann generators of the SU(3) algebra. The numbers
in the brackets recall the approximate masses of the fields in units of MeV.
As was emphasized in [3] the chiral SU(3) Lagrangian should not be used
in perturbation theory except at energies sufficiently below all thresholds.
Though the infinite set of irreducible diagrams can be successfully approxi-
mated by the standard perturbative chiral expansion that is no longer true for
the infinite set of reducible diagrams once the energies are sufficiently large
to support hadronic scattering processes. Whereas the former diagrams are
controlled by the typical small parameter mK/(4πf) the latter ones probe
a parameter of unit size m2K/(8πf
2), which invalidates any perturbative ex-
pansion. From an effective field theory point of view it is mandatory to sum
the reducible diagrams. This is naturally achieved by considering the Bethe-
Salpeter scattering equation,
Tµν(k¯, k;w) = Kµν(k¯, k;w) +
∫
d4l
(2 π)4
Kµβ(k¯, l;w)G
αβ(l;w) Tαν(l, k;w) ,
Gµν(l;w) =
i
(1
2
w − l)2 −m2 + i ǫ
gµν − (12 w + l)µ (12 w + l)ν/M2
(1
2
w + l)2 −M2 + i ǫ , (3)
where we suppress the coupled-channel structure for simplicity. We use phys-
ical values for the Goldstone boson and vector meson masses m and M re-
spectively. Since the intermediate vector mesons have in part a substantial
decay width we allow for spectral distributions of the broadest vector mesons,
the ρµ- and Kµ-mesons. In channels involving the ρµ− or Kµ−meson the two-
particle propagator, G, in (3) is folded with spectral functions obtained at the
one-loop level describing the decay processes ρµ → π π and Kµ → πK.
The Bethe-Salpeter interaction kernel Kµν(k¯, k;w) is the sum of all two-
particle irreducible diagrams, i.e. at leading order it reads
Kµν(k¯, k;w) = −CWT
4 f 2
(p+ p¯) · (q + q¯) gµν ,
4
(0,−2) (1,−2) (12 ,−1) (32 ,−1)
( 1√
2
K
t
i σ2Kµ) (
1√
2
K
t
i σ2 ~σKµ)


1√
3
π · σ i σ2Ktµ)
( 1√
3
ρµ · σ i σ2K)
(i σ2K
t
ωµ)
(η i σ2K
t
µ)
(i σ2K
t
φµ)



 (π · T i σ2K
t
µ)
(ρµ · T i σ2Kt)


(0,+2) (1,+2) (12 ,+1) (
3
2 ,+1)
( 1√
2
Kt i σ2Kµ) (
1√
2
Kt i σ2 ~σKµ)


( 1√
3
π · σKµ)
( 1√
3
ρµ · σK)
(K ωµ)
(η Kµ)
(K φµ)



 (π · T Kµ)
(ρµ · T K )


(0+, 0) (0−, 0) (1+, 0) (1−, 0)
(
1
2 (KKµ −KµK)
)


( 1√
3
π · ρµ)
(η ωµ)
1
2 (KKµ +KµK)
(η φµ)




(π ωµ)
(π φµ)
(η ρµ)
1
2 (K σKµ +Kµ σK)



 ( 1i√2 π × ρµ)
(12 (K σKµ − Kµ σK)


(2, 0)
1
2(πi ρ
µ
j + πj ρ
µ
i )− 13 δij π · ρµ
Table 1
The column R
(IG,S)
µ (q, p) for isospin (I), G-parity (G) and strangeness (S). The
Pauli matrices σi act on isospin doublet fields K, Kµ and K¯, K¯µ. The 4×2 matrices
Tj describe the transition from isospin-
1
2 to
3
2 states. We use the normalization
implied by ~T · ~T † = 1 and T †i Tj = δij − 13 σi σj.
w = p+ q = p¯+ q¯ , k = 1
2
(p− q) , k¯ = 1
2
(p¯− q¯) , (4)
where the coupled-channel structure is suppressed for convenience. It is straight
forward to restore the latter giving the coefficient CWT a matrix structure.
The scattering problem decouples into thirteen orthogonal channels specified
by isospin (I), G-parity (G) and strangeness (S) quantum numbers. This
decomposition is implied by a corresponding decomposition of the Weinberg-
Tomozawa interaction Lagrangian density represented in momentum space [3]
LWT (k¯, k;w) =
∑
IG,S
R(I
G, S),†
µ (q¯, p¯) g
µαK
(IG,S)
αβ (k¯, k;w) g
βν R(I
G, S)
ν (q, p) ,
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(IG, S) (0,±2) (1,±2) (12 ,±1) (32 ,±1) (0+, 0) (0−, 0) (1+, 0) (1−, 0) (2, 0)
11 0 −2 2 −1 3 4 0 2 −2
12 – – 12 −1 – 0 0
√
2 –
22 – – 2 −1 – 0 0 1 –
13 – – −
√
3
2 – –
√
3 0 – –
23 – – 0 – –
√
3 0 – –
33 – – 0 – – 3 0 – –
14 – – 0 – – 0 1 – –
24 – – −32 – – 0 −
√
2 – –
34 – – −
√
3
2 – – −
√
6
√
3 – –
44 – – 0 – – 0 1 – –
15 – –
√
3
2 – – – – – –
25 – – 0 – – – – – –
35 – – 0 – – – – – –
45 – –
√
3
2 – – – – – –
55 – – 0 – – – – – –
Table 2
The coefficients C(I,S) of the Weinberg-Tomozawa term that characterize the inter-
action of Goldstone bosons with vector mesons as introduced in (4, 5).
(IG, S) = ((0,±2), (1,±2), (1
2
,±1), (3
2
,±1), (0±, 0), (1±, 0), (2, 0)) , (5)
where the objects R(I
G, S)
ν (q, p) are specified in Tab. 1 for all possible channels.
From a field theoretic point of view once the interaction kernel and the two-
particle propagator are specified the Bethe-Salpeter equation (3) determines
the scattering amplitude Tµν(k¯, k;w). However, in order to arrive at a scat-
tering amplitude that does not depend on the choice of interpolating fields at
given order in a truncation of the scattering kernel it is necessary to perform
an on-shell reduction. In [16] it was suggested to introduce the latter with
respect to the unique set of covariant projectors that solve the Bethe-Salpeter
equation.
2.1 On-shell reduction scheme
The scattering amplitude Tµν(k¯, k;w) as it is determined by the Bethe-Salpeter
equation does not have a well defined off-shell extrapolation. The latter de-
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pends explicitly on the choice of the chiral Lagrangian. However, the solution
of the scattering equation requires the scattering amplitude for off-shell kine-
matics. The question arises how do we ever arrive at any meaning-full result.
A related issue is the evaluation of higher n-point Green’s functions. The lat-
ter ones require necessarily the knowledge of the off-shell part of the two-body
amplitude for a given choice of fields. Any systematic scheme should specify
not only the on-shell two-body amplitude but also the form of higher n-point
functions. Thus it is important to derive the off-shell part of the two-body
amplitude in a given scheme.
The idea put forward in [3] exploits covariance as a tool to construct a minimal
off-shell extrapolation of the scattering amplitude as to render the Bethe-
Salpeter scattering equation well defined within dimensional regularization.
Here we derive the off-shell part of the two-body amplitude for any given
choice of fields. The on-shell part of the scattering amplitude,
Tµν(k¯, k;w) = T
on−shell
µν (q¯, q;w) + T
off−shell
µν (q¯, q;w) ,
T on−shellµν (q¯, q;w) =
∑
J,P,a,b
M
(JP )
ab (
√
s)Y (JP )µν,ab(q¯, q;w) , (6)
is expanded in a series of projectors Y (JP )µν,ab(q¯, q;w), defined for any off-shell
kinematics, and invariant amplitudes that depend on
√
s only. Any projector
Y (JP )µν,ab(q¯, q;w) is characterized by its total angular momentum J and parity
P quantum number. If in a given channel JP a degeneracy is left due to the
coupling of various helicity states the projectors acquire an additional matrix
structure. A crucial property of the projectors Y (JP )µν,ab(q¯, q;w) is their regularity.
The presence of kinematical singularities in the projectors would lead to a
pathological behavior when inserting those into the Bethe-Salpeter equation
and trying to establish the frame-independence of the scattering amplitude.
A detailed derivation of the projectors is given in the Appendix.
We recall and further elaborate on the on-shell reduction scheme suggested
in [3]. For a given choice of interpolating fields the full off-shell scattering
amplitude may require T off−shellµν 6= 0 in (6), however, we argue that the terms
proportional to the invariant amplitudes must always be present independent
of the choice of fields. An effective interaction kernel Vµν(q¯, q;w) is introduced
such that if feeded into the Bethe-Salpeter equation it produces the on-shell
scattering amplitude T on−shellµν , i.e. in functional notation
T on−shell = V + V ·G · T on−shell , (7)
where G is the two-particle propagator. It is instructive to work out the struc-
ture of the off-shell part of the scattering amplitude in this scheme. Straight
forward manipulations lead to
7
T off−shell =
(
(1− V ·G) · (K − V )−1 · (1−G · V )−G
)−1
. (8)
The result (8) is useful as a starting point for further developments but as
it stands it is not very instructive. It does not manifestly show the off-shell
nature of the amplitude and also it does not suggest how to consistently expand
the amplitude for a given choice of interpolating fields. Progress is made by
introducing three off-shell interaction kernels VL, VR and VLR where VR (VL)
vanishes if the initial (final) particles are on-shell. The interaction kernel VLR
is defined to vanish if evaluated with either initial or final particles on-shell.
The latter objects are defined by:
K =V + (1− V ·G) · VL + VR · (1−G · V )
+ (1− V ·G) · VLR · (1−G · V )− VR · 1
1−G · VLR ·G · VL . (9)
The decomposition of the Bethe-Salpeter interaction kernel is unique and can
be applied to an arbitrary interaction kernel once it is defined what is meant
with the ’on-shell’ part of any two-particle amplitude. The latter we define as
the part of the amplitude that has a decomposition into the set of projectors
introduced in (6). It is clear that performing a chiral expansion of K and
V to some order Qn leads to a straight forward identification of the off-shell
kernels VL, VR and VLR to the same accuracy. The particular way the off-
shell interaction was introduced guarantees consistency of the scheme. This is
demonstrated by the exact result
T off−shell =
(
VL · 1
1−G · V + VLR
)
·
(
1−G · V¯
)−1
−
(
VL · 1
1−G · V + VLR
)
·
(
1−G · V¯
)−1 ·G ( 1
1− V ·G VR + VLR
)
−VLR +
(
1− V¯ ·G
)−1( 1
1− V ·G VR + VLR
)
,
V¯ = VLR + VL · 1
1−G · V +
1
1− V ·G · VR
− 1
1 − V ·G · VR ·
1
1−G · VLR ·G · VL ·
1
1−G · V , (10)
which proves that the off-shell amplitude vanishes if evaluated with on-shell
kinematics. The result (10) suggests a systematic expansion of the off-shell
part of the scattering amplitude. The unitarization of the on-shell amplitude
requires to count V ·G ∼ Q0. Since any off-shell kernel meeting the two-particle
propagator G does not generate a unitarity cut by construction, standard
chiral counting rules should be applied for the objects G · VL , G · VLR and
VR · G , VLR · G. Thus a unitary chiral expansion of the off-shell amplitude is
induced by an expansion thereof in powers of the off-shell kernels VL, VR and
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VLR. At leading order we find
T off−shell = VL · 1
1−G · V +
1
1− V ·G · VR + VLR + · · · , (11)
illustrating that the off-shell part of the amplitude requires necessarily a sum-
mation once a summation is used for the on-shell amplitude. This is an impor-
tant result since it suggests a systematic way how to evaluate higher n-point
Green functions in a unitary chiral expansion scheme. The latter requires nec-
essarily the knowledge of the off-shell part of the two-body amplitude for a
given choice of fields 1 .
2.2 Renormalization scheme and crossing symmetry
Unlike in standard chiral perturbation theory the renormalization of a unita-
rized chiral perturbation theory is non-trivial and therefore requires particular
care. Due to the defining properties of the projectors, Y (JP )µν (q¯, q;w), and of
the effective interaction kernel, Vµν(q¯, q;w), the latter can be expanded into a
series of the former,
Vµν(k¯, k;w) =
∑
J,P,a,b
V
(JP )
ab (
√
s)Y (JP )µν,ab(q¯, q;w) . (12)
The coefficient functions V
(JP )
ab (
√
s) are evaluated in chiral perturbation theory
and therefore standard renormalization schemes are applicable. The on-shell
part of the scattering amplitude takes the simple form,
T on−shellµν (k¯, k;w) =
∑
J,P
M (JP )(
√
s )Y (JP )µν (q¯, q;w) ,
M (JP )(
√
s ) =
[
1− V (JP )(√s ) J (JP )(√s )
]−1
V (JP )(
√
s ) , (13)
with a set of divergent loop functions J (JP )(
√
s ). The crucial issue is how
to renormalize the loop functions. In [1,2,3] it was suggested to introduce a
physical scheme defined by the renormalization condition,
T (JP )µν (k¯, k;w)
∣∣∣√
s=µ
= V (JP )µν (k¯, k;w)
∣∣∣√
s=µ
, (14)
1 To arrive at finite results for the off-shell amplitude may need in some cases
additional counter terms of the chiral Lagrangian that are not probed in the renor-
malization of the on-shell part of the scattering amplitude (see e.g. [33]).
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where the subtraction scale µ = µ(I, S) depends on isospin and strangeness
but is independent on JP . It was argued in [3] that the optimal choice of the
subtraction point can be determined by the requirement that the scattering
amplitude is approximatively crossing symmetric. Moreover it was demon-
strated that the renormalization condition (14) is complete, i.e. the condition
(14) suffices to render the scattering amplitude finite. Before discussing in
some detail the choice of the subtraction points µ(I, S) let us elaborate on the
structure of the loop functions. The merit of our scheme is that dimensional
regularization can be used to evaluate the latter ones. Here we exploit the
results (39, 42) that any given projector is a finite polynomial in the available
4-momenta. This implies that the loop functions can be expressed in terms of
a log-divergent master function, I(
√
s ), and reduced tadpole terms,
J (JP )(
√
s ) = N (JP )(
√
s )
(
I(
√
s )− I(µ)
)
,
I(
√
s ) =
1
16 π2
(
pcm√
s
(
ln
(
1− s− 2 pcm
√
s
m2 +M2
)
− ln
(
1− s+ 2 pcm
√
s
m2 +M2
))
+
(
1
2
m2 +M2
m2 −M2 −
m2 −M2
2 s
)
ln
(
m2
M2
)
+ 1
)
+ I(0) , (15)
where
√
s =
√
M2 + p2cm +
√
m2 + p2cm. The normalization factor N
(JP )(
√
s )
is a polynomial in
√
s and the mass parameters. In (15) the renormalization
scale dependence of the scaler loop function I(
√
s ) was traded in favor of
a dependence on a subtraction point µ. The loop functions J (J,P )(
√
s ) are
consistent with chiral counting rules only if the subtraction scale µ ≃ M
is chosen close to the ’heavy’ meson mass [1,2,3]. Furthermore we dropped
additional terms that are proportional to reduced tadpole contributions. The
latter ones are real and must be moved into the effective interaction kernel in
order to arrive at the decoupling of projectors with different quantum numbers
[3]. Since tadpole contributions show in general a polynomial
√
s dependence
the renormalization condition (14) would not suffice to render the loop function
finite in the presence of such contributions. In [3] it was shown that keeping
reduced tadpole terms in the loop functions leads to a renormalization of
s-channel exchange terms that is in conflict with chiral counting rules. We
emphasize that the projectors have the important property that in the case
of broad intermediate states the implied loop functions follow from (15) by a
simple folding with the spectral distributions of the two intermediate states.
Using the results of the Appendix (40,41) the normalization factorsN (JP )(
√
s )
in (15) are readily derived
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N
(JP+)
ab (
√
s ) =


p
2 (J−1)
cm
(J+1)
(
(2 J + 1) + J p
2
cm
M2
) √
J
J+1
p2 Jcm
√
M2+p2cm
M2√
J
J+1
p2 Jcm
√
M2+p2cm
M2
p
2 (J+1)
cm
M2


ab
,
N (JP−)(
√
s ) = p2 Jcm , P+ = (−1)J+1 , P− = (−1)J , (16)
where we point out that the loop functions J (J,+)(
√
s ) acquire off-diagonal el-
ements. This is a consequence of a non-unitary transformation applied to the
helicity states (41). As demonstrated in the Appendix covariant projectors can
only be introduced with respect to states that are not orthogonal. The thresh-
old behavior of the normalization factor N (JP )(
√
s ) associated with a given
projector tells the leading angular momentum (L) characteristic. For instance
the projectors Y (JP−) and Y (JP+)11 carry L = J and L = J − 1 respectively. It
is important, however, to realize that the coupled-channel projectors are not
defined with respect to states of good angular momentum L.
The renormalization condition (14) reflects the basic assumption our effective
field theory is built on, namely, that at subthreshold energies the scattering
amplitudes may be evaluated in standard chiral perturbation theory with the
typical expansion parameter mK/(4 πf) < 1 with f ≃ 90 MeV. Once the
available energy is sufficiently high to permit elastic two-body scattering a
further typical dimensionless parameter m2K/(8 πf
2) ∼ 1 arises. Since this
ratio is uniquely linked to the presence of a two-particle unitarity cut it is
sufficient to sum those contributions keeping the perturbative expansion of all
terms that do not develop a two-particle unitarity cut. This is achieved by (7, 9,
10). In order to recover the perturbative nature of the subthreshold scattering
amplitude the subtraction scale M − m < µ < M + m must be chosen in
between the s- and u-channel elastic unitarity branch points [3]. In [3] it was
suggested that s-channel and u-channel unitarized amplitudes should be glued
together at subthreshold kinematics. A smooth result is guaranteed if the full
amplitudes match the interaction kernel V close to the subtraction scale µ
as imposed by (14). In this case the crossing symmetry of the interaction
kernel, which follows directly from its perturbative evaluation, carries over
to an approximate crossing symmetry of the full scattering amplitude. This
construction reflects our basic assumption that diagrams showing an s-channel
or u-channel unitarity cut need to be summed to all orders only at energies
where the diagrams develop their imaginary part.
The reader should be reminded that at energies below its u-channel unitarity
cuts a partial-wave amplitude can be reconstructed uniquely in terms of the
scattering amplitudes of its crossed reaction. In this case the crossed ampli-
tudes are probed at energies above their s-channel unitarity thresholds only.
Thus, our final partial-wave amplitudes properly glued together at subthresh-
old energies respect crossing symmetry exactly at energies above the s-channel
and below the u-channel unitarity cuts by construction. At subthreshold ener-
gies in between the s- and u-channel cuts an approximate crossing symmetry
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is guaranteed by the matching condition (14). In cases like π ωµ scattering the
crossed channel is redundant, in the sense that all observable quantities can
be expressed in terms of the direct channel only.
Stringent consistency condition for the optimal subtraction scales are derived
by considering photo-reactions like γ ρµ scattering. Since this system is cou-
pled via γ ρ → πρ to the hadronic process we study here, one may include
the γ ρ as a state part of the S = 0 coupled-channel system. In this case the
matching of the s- and u-channel iterated amplitudes requires µ(I, 0) =Mρ(770)
identically. Similarly the subtraction scale, µ(I,±1) = MK(892) follows upon
considering the γ Kµ reactions. In the S = ±2 sector we use the same subtrac-
tion scale as in the S = 0 sector since the two sectors are related by a crossing
transformation, i.e. the KKµ and K¯ Kµ amplitudes are transformed into each
other by exchanging K ↔ K¯. We should mention a slight ambiguity. In the
S = 0 sector we could have argued in terms of γ ω or γ φ reactions rather than
γ ρ. Since the three vector mesons ρµ, ωµ and φµ are mass degenerate in the
large-Nc limit of QCD this ambiguity is of subleading importance.
Given the subtraction scales as derived above the leading-order calculation
is parameter free. Of course chiral correction terms lead to further so far
unknown parameters which need to be adjusted to data. Within the χ−BS(3)
approach such correction terms enter the effective interaction kernel V rather
than leading to a change of the subtraction scales. In particular the leading
correction effects are determined by the counter terms of chiral order Q2. The
effect of altering the subtraction scales away from their optimal values can
be compensated for by incorporating counter terms in the chiral Lagrangian
that carry order Q3. Our scheme has the advantage that once the parameters
describing subleading effects are determined in a subset of sectors one has
immediate predictions for all sectors (I, S). In order to estimate the size of
correction terms one may vary the subtraction scales around their optimal
values.
3 Results
We present out results on s-wave scattering of Goldstone bosons off vector
mesons using the leading order chiral SU(3) Lagrangian. Meson resonances
with quantum number (I,S) and JP =1+ manifest themselves as poles in the
corresponding scattering amplitudes T (I,S)µν (q¯, q;w). We will suppress the index
JP in the following studying exclusively the JP = 1+ sector. The scattering
amplitude takes the form
T (I,S)µν (q¯, q;w) =
∑
ab
Yab,µν(q¯, q;w)M (I,S)ab (
√
s ) + · · · ,
12
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Fig. 1. Isospin 12 (left panel) and
3
2 (right panel) forward scattering amplitude,
F1(q, q;w) = F1(
√
s) (see (30)), describing the πKµ scattering process in the ’heavy’
SU(3) limit. Sharp vector meson masses are used. The panels show three lines, the
line extending to the right (left) shows the s-channel (u-channel) unitarized scatter-
ing amplitude. The dotted lines represent the amplitude evaluated at tree-level.
M (I,S)(
√
s ) =
[
1− V (I,S)(√s ) J (I,S)(√s )
]−1
V (I,S)(
√
s ) , (17)
where we suppressed further contribution to the scattering amplitude T (I,S)µν
that are off-shell or not of s-wave type. The required projectors in (17) follow
from (42) with J = 1,
Y11,µν = 3
2
wµwν
w2
− 3
2
gµν , Y12,µν = − 3√
2
(
qµ − q · w
w2
wµ
) wν√
w2
Y22,µν = 3
((q¯ · w) (w · q)
w2
− (q¯ · q)
) wµwν
w2
,
Y21,µν = − 3√
2
wµ√
w2
(
q¯ν − q¯ · w
w2
wν
)
. (18)
The invariant scattering amplitudes are determined by the effective interaction
kernel V (I,S)(
√
s ) and the loop functions J (I,S)(
√
s ). In the S = 2 sector which
involves only a single channel, KKµ, the matrix of loop functions takes the
form,
13
J
(I,S)
ab (
√
s ) =

 32 +
p2cm
2M2
p2cm
√
M2+p2cm√
2M2
p2cm
√
M2+p2cm√
2M2
p4cm
M2


ab
(
I(
√
s )− I(µ(I, S))
)
,(19)
with M = MK(892) and m = mK(494). In the general case the matrix of loop
functions acquires additional dimensions reflecting the presence of inelastic
channels. The scalar loop function I(
√
s ) was given in (15). For the optimal
subtraction scales µ(I, S) we obtained,
µ(I, 0) =Mρ(770) , µ(I,±1) = MK(892) , µ(I,±2) =Mρ(770) . (20)
It remains to provide explicit expressions for the effective interaction kernel
V (I,S)(
√
s ). The leading-order chiral SU(3) Lagrangian (1) implies
V
(I,S)
11 (
√
s ) =
C
(I,S)
WT
12 f 2
(
3 s−M2 − M¯2 −m2 − m¯2 − M
2 −m2
s
(M¯2 − m¯2)
)
,
V
(I,S)
22 (
√
s ) =−C
(I,S)
WT
12 f 2
, V
(I,S)
12 (
√
s ) = V
(I,S)
21 (
√
s ) = 0 , (21)
where (m,M) and (m¯, M¯) are the masses of initial and final mesons. The ma-
trix of coefficients C
(I,S)
WT is given in Tab. 2. It should be pointed out that though
the leading order form of V
(1,+)
11 is determined by the Weinberg-Tomozawa in-
teraction term that this is not the case for V
(1,+)
22 . Therefore it is legitimate to
use V
(1,+)
22 = 0 here.
In order to study the formation of meson resonances we generate speed plots
as suggested by Ho¨hler [34]. The speed Speed
(I,S)
ab (
√
s) of a given channel
a b, is related to the delay time [35] of a resonance produced in a scattering
experiment. It is introduced by [34,35],
t
(I,S)
ab (
√
s ) =
1
8 π
√
s
(
p(a)cmN
(I,S)
a (
√
s ) p(b)cmN
(I,S)
b (
√
s )
)1/2
M
(I,S)
ab (
√
s ) ,
Speed
(I,S)
ab (
√
s ) =
∣∣∣∑
c
[ d
d
√
s
t(I,S)ac (
√
s )
] (
δcb + 2 i t
(I,S)
cb (
√
s )
)∗∣∣∣ . (22)
The merit of producing speed plot lies in a convenient property of the latter
allowing a straight forward extraction of resonance parameters. Assume that
a coupled-channel amplitude Mab(
√
s ) develops a pole of mass mR, with
Mab(
√
s ) = − g
∗
a gb mR√
s−mR + iΓ/2 , Γa =
|ga|2
4 π
|p(a)cm|Na(mR) , (23)
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Fig. 2. Scattering amplitudes and speeds for meson resonances with JP = 1+ and
(I, S) = (12 , 1) (see (22)). Parameter-free results are obtained in terms of physical
masses and f = 90 MeV. The second row shows the effect of using realistic spectral
distributions for the ρµ- and Kµ-mesons.
where the total resonance width, Γ, is given by the sum of all partial widths.
For notational simplicity we introduce the parameters, Γa, also for channels
that are closed, i.e. where the relative momentum p(a)cm in (23) is imaginary.
The speed plots take a maximum at the resonance mass
√
s = mR. Some
algebra leads to the result
Speedaa(mR ) =
{
2 Γa
Γ2
∣∣∣2 ∑c ΓcΓ − 1
∣∣∣ if a = open
2 Γa
Γ2
∣∣∣2 ∑c ΓcΓ − i
∣∣∣ if a = closed ,
Γ =
∑
a=open
Γa , (24)
where the summation index c in (24) corresponds to the one in (22). The
result (24) clearly demonstrates that the speed [35] of a resonance in a given
open channel a is not only a function of the total width parameter Γ and the
partial width Γa. It does depend also on how strongly closed channels couple
to that resonance. This is in contrast to the delay time [35] of a resonance for
which closed channels do not contribute.
A complementary analysis may be performed by searching for complex poles
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Fig. 3. Scattering amplitudes and speeds for meson resonances with JP = 1+ and
(IG, S) = (0−, 0) (see (22)). Parameter-free results are obtained in terms of physical
masses and f = 90 MeV. The second row shows the effect of using realistic spectral
distributions for the ρµ- and Kµ-mesons.
of the scattering amplitudes on 2nd Riemann sheets. At the leading order
level there is however not much point performing such a study. The inclusion
of chiral correction terms is expected to be more important than the slightly
different values obtained for the resonances masses extracted from speed plots
versus from the position of complex poles. To guarantee good analytic prop-
erties of the scattering amplitudes it is sufficient to check to what extent the
scattering amplitudes satisfy subtracted dispersion-integral representations.
An unphysical singularity within the applicability domain would invalidate
such a representation. The absence of unphysical structures is also excluded
to a large extent by the form of real and imaginary parts of the amplitudes.
The resonance like behaviour of all amplitudes is a strong indication that there
are no spurious singularities that are relevant, i.e. in the applicability domain.
To explore the multiplet structure of the resonance states we study first the
’heavy’ SU(3) limit [4,5] with mpi,K,η ≃ 500 MeV and mρ,ω,K∗,φ ≃ 900 MeV.
In this case all resonance states turn into bound states forming two degener-
ate octets and one singlet of the SU(3) flavor group with masses 1367 MeV
and 1289 MeV respectively. The latter numbers are quite insensitive to the
precise value of the subtraction scale. For instance increasing (decreasing) the
subtraction scale by 20 % away from its natural value the octet bound-state
mass comes at 1383 MeV (1353 MeV). Our result is a direct reflection of the
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Fig. 4. Scattering amplitudes and speeds for meson resonances with JP = 1+ and
(IG, S) = (0+, 0) (see (22)). Parameter-free results are obtained in terms of physical
masses and f = 90 MeV. The second row shows the effect of using realistic spectral
distributions for the ρµ- and Kµ-mesons.
Weinberg-Tomozawa interaction,
8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 10⊕ 27 , (25)
which predicts attraction in the two octet and the singlet channel. This finding
is analogous to the results of [4,10] that found two degenerate octet and one
singlet state in the SU(3) limit of meson-baryon scattering with JP = 1
2
−
.
Taking the ’light’ SU(3) limit [5] with mpi,K,η ≃ 140 MeV and mρ,ω,K∗,φ ≃ 700
MeV we do not observe any bound-state nor resonance signals anymore. A
further interesting limit to study is Nc → ∞. Since the scattering kernel is
proportional to the f−2 ∼ N−1c the interaction strength vanishes in that limit
and no resonances are generated.
In Fig. 1 we demonstrate the quality of the proposed matching procedure as
applied for the forward scattering amplitudes describing the πKµ scattering
process in the ’heavy’ SU(3) limit. It is shown the term in front of the gµν
structure of the scattering amplitude Tµν as a function of
√
s, where all but
the s-wave contributions are evaluated at tree-level for simplicity. The figure
clearly illustrates the smooth matching of s-channel and u-channel iterated
amplitudes at subthreshold energies. Modifying the subtraction scale by about
17
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Fig. 5. Scattering amplitudes and speeds for meson resonances with JP = 1+ and
(IG, S) = (1+, 0) (see (22)). Parameter-free results are obtained in terms of physical
masses and f = 90 MeV. The second row shows the effect of using realistic spectral
distributions for the ρµ- and Kµ-mesons.
10% in either direction does not deteriorate the quality of the matching. It
should be pointed out that once chiral correction terms are included in the
calculation the quality of the matching is expected to further improve.
Figs. 2-6 show the resonance spectrum that arises using physical masses (first
row) and using realistic spectral distributions for the broad vector mesons (sec-
ond row). Clear signals in the speed plots of the (1
2
,±1), (0±, 0) and (1±, 0)
channels are seen. No resonance is found in the remaining channels. The res-
onances can be unambiguously identified with the axial-vector meson reso-
nances (h1(1170), h1(1380), f1(1285), a1(1260), b1(1235), K1(1270), K1(1400)).
In the ’heavy’ SU(3) limit the (1
2
,±1) channel shows two bound states re-
flecting the presence of two degenerate octet states. Using physical masses the
degeneracy is lifted as illustrated in Fig. 2 and a narrow state at 1263 MeV
and a broad state at about 1300 MeV arise. The resonance masses are de-
termined from the maxima of the speed where one has to discard the narrow
structures induced by the square root singularities at the various thresholds.
Thus, if a resonance is close to a threshold it is difficult to read off its prop-
erties from the speed plots. The simple results (23,24) can not be applied.
The effect of using realistic spectral distributions for the intermediate ρµ- and
Kµ-mesons is demonstrated in the second row of Fig. 2, the first row showing
18
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Fig. 6. Scattering amplitudes and speeds for meson resonances with JP = 1+ and
(IG, S) = (1−, 0) (see (22)). Parameter-free results are obtained in terms of physical
masses and f = 90 MeV. The second row shows the effect of using realistic spectral
distributions for the ρµ- and Kµ-mesons.
results with sharp vector meson masses. The resonance signal in the speed
plots becomes much clearer since using spectral distributions for the broad
intermediate states smears away the square-root singularities in the speeds at
the corresponding thresholds. In this case we introduce the speed (22) with
respect to the invariant amplitudes M(
√
s ) evaluated in terms of loop func-
tions folded with spectral distributions of the intermediate states, but use p(a)cm
and p(b)cm in (22) defined with respect to sharp masses. Thus the parameters Γa
introduced in (23) characterizing the maximum of the speed (24) determine
the coupling constants ga via (23) and not the partial-decay width in a chan-
nel a where broad intermediate states are used. In contrast, the parameter Γ
has the interpretation of the total width, i.e. Γ 6= ∑a=open Γa in this case. Our
result is quite consistent with the empirical properties of the K1(1270) meson.
It has a width of about 90 MeV and decays dominantly into the K ρµ−channel
[36]. The second much broader state is assigned a width of about 175 MeV
resulting almost exclusively from its decay into the πKµ−channel [36].
Similarly, in the heavy SU(3) limit the (0−, 0) channel shows two bound states
associated with a singlet and an octet state. Using physical masses a broad
state at about 1100 MeV and a narrow state at 1303 MeV should be iden-
tified with the h1(1170) and h1(1380) resonance (see Fig. 3). Here we assign
the h1(1380)-resonance, for which its quantum numbers except its parity and
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angular momentum JP = 1+ are unknown, the isospin and G-parity quantum
numbers IG = 0−. This is a clear prediction of the chiral coupled-channel
dynamics. The latter state has so far been seen only through its decay into
the K K¯µ- and K¯ Kµ−channels [37]. Its small width of about 80 MeV [37] is
consistent with the narrow structure seen in Fig. 3. The second resonances
state in Fig. 3 is most clearly seen in the πρµ−channel. This is consistent with
the empirical properties of the h1(1170) resonance which so far has been seen
only through its πρµ−decay leading to a large width of about 360 MeV [36].
The (0+, 0)-speed (see Fig. 4) shows a bound-state at mass 1341 MeV a value
somewhat above the mass of the f1(1285) resonance. Using a spectral distri-
bution for the Kµ(892) in the intermediate states K K¯µ and K¯ Kµ states a
narrow resonance appears. Its width of about 10 MeV is a factor two smaller
than the empirical value [36]. The (1+, 0)-speed of Fig. 5 shows a resonance at
1310 MeV to be identified with the b1(1235) resonance. From the maximum
of the imaginary part of the scattering amplitudes at the resonance peak one
can directly read off ratios of coupling constants. Fig. 5 clearly demonstrates
that the smallest coupling constant is predicted for the π ωµ−channel. Nev-
ertheless, the hadronic decay of the b1(1235) is completely dominated by the
π ωµ−channel. This is a simple consequence of phase-space kinematics. The
widths of the resonance as indicated by Fig. 5 is quite compatible with the
empirical value of about 140 MeV [36]. The a1(1260) resonance is found in
the (1−, 0)-speed of Fig. 3 as a broad peak with a mass of about 1300 MeV.
Empirically its width is estimated to be about 250-600 MeV [36] resulting
from its decay into the π ρ−channel.
The structure of the h1(1380), f1(1285) and b1(1235) resonances as predicted
by chiral coupled-channel dynamics is quite intriguing since those resonances
couple dominantly to the K K¯µ−channel. This implies that the latter channel
is the driving force that generates these resonances dynamically. This find-
ing is very much analogous to the structure of the scalar f0(980) resonance
that strongly couples to the KK¯−channel and emphasizes the importance
of the chiral SU(3) symmetry even for non-strange resonances. It should be
emphasized that the results obtained here at leading order can be improved
further by incorporating chiral correction terms into the analysis. In view of
the remarkable success of the leading order Weinberg-Tomozawa interaction
one would expect a rapidly converging expansion.
We conclude with an interesting by-product of our analysis. The s-wave scat-
tering lengths of pions with vector mesons are predicted. The scattering length
of a pseudo-scalar meson (P) of mass m off a vector meson (V) off mass M is
identified,
4 π
(
1 +
m
M
)
a
(I,S)
PV =
3
4M
M (I,S)(m+M) . (26)
20
[fm] a
(0,0)
piρµ a
(1,0)
pi ρµ a
(2,0)
pi ρµ a
( 1
2
,±1)
piKµ
a
( 3
2
,±1)
piKµ
apiρµ apiωµ apiφµ apiKµ
WT 0.45 0.23 -0.23 0.23 -0.12 0 0 0 0
χ−BS(3) 0.69 0.27 -0.20 0.29 -0.10 0.06 0.00 0.01 0.09
Table 3
S-wave scattering length apiV with V = (ρµ, ωµ, φµ,Kµ). The first row gives the
leading order prediction of Weinberg and Tomozawa (see (27)). These results are
confronted in the second row with the scattering length as evaluated in the χ −
BS(3)-scheme. Here we use sharp vector meson masses.
At leading order with M (I,S)(
√
s ) → V (I,S)(√s ) we recover the Weinberg-
Tomozawa theorem,
4 π
(
1 +
m
M
)
a
(I,S)
PV =
m
2 f 2
C(I,S) +O
(
m2
)
,
api ρµ =
1
9
(
a(0,0)piρµ + 3 a
(1,0)
pi ρµ + 5 a
(2,0)
pi ρµ
)
= 0 , api ωµ =
1
3
a(1
+,0)
pi ωµ = 0 ,
api φµ =
1
3
a
(1+,0)
pi φµ = 0 , apiKµ =
1
3
(
a
( 1
2
,±1)
piKµ + 2 a
( 3
2
,±1)
piKµ
)
= 0 , (27)
which predicts that all isospin averaged scattering lengths of a pion off any
vector meson vanish at leading order. In Tab. 3 the scattering lengths as pre-
dicted by Weinberg and Tomozawa are confronted with the values obtained
form the chiral coupled-channel theory. The deviations obtained are signif-
icant in the (0, 0) and (1
2
,±1) channels leading to non-zero and attractive
isospin averaged scattering length for the ρµ− and Kµ−mesons. In the ta-
ble we present the scattering length obtained for sharp vector-meson masses.
In the more realistic case of broad states the scattering lengths are not de-
fined anymore unambiguously. If we use (26) as a definition with sharp values
for the mass parameter M but using the amplitudes M (I,S)(
√
s) evaluated in
terms of broad intermediate states, the numbers in Tab. 3 change somewhat.
In particular the isospin averaged πρ−scattering length is reduced to 0.02 fm.
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4 Appendix
In this appendix we construct the projectors, Y (JP )ab (q¯, q;w), introduced in (6).
The latter define the important notion of ’on-shell’ irreducibility. Consider the
on-shell scattering amplitude of a pseudo-scalar meson P (q) off a vector meson
V (p, λ) with polarization λ,
〈P (q¯) V (p¯, λ¯)| T |P (q) V (p, λ)〉
= (2π)4 δ4(q + p− q¯ − p¯) ǫ†µ(p¯, λ¯) T µν(q¯, q;w) ǫν(p, λ) , (28)
where we suppress isospin and strangeness quantum numbers for simplicity.
The scattering amplitude is subject to various constraints. Covariance to-
gether with parity and time reversal conservation lead to a representation of
Tµν(q¯, q;w) in terms of five scalar amplitudes Fi=1,..,5, and a complete set of
Lorentz tensors Lµνi ,
T µν(q¯, q;w) =
5∑
i=1
Fi(q¯, q;w)L
µν
i (q¯, q;w) (29)
Lµν1 = g
µν − w
µwν
w2
, Lµν2 =
wµwν
w2
, Lµν3 =
wµ√
w2
(
q¯ν − q¯ · w
w2
wν
)
,
Lµν4 =
(
qµ − q · w
w2
wµ
) wν√
w2
, Lµν5 =
(
qµ − q · w
w2
wν
) (
q¯ν − q¯ · w
w2
wν
)
.
A further important constraint follows from the two-particle unitarity condi-
tion which is efficiently implemented in terms of helicity states [38]. In the
center of mass frame with wµ = (
√
s,~0), helicity matrix elements of the scat-
tering amplitude are decomposed into partial wave amplitudes, 〈λ¯|T (J)|λ〉, of
given total angular momentum J ,
ǫ†µ(p¯, λ¯) T
µν(q¯, q;w) ǫν(p, λ) =
∑
J
(2 J + 1) 〈λ¯|T (J)|λ〉 d(J)
λλ¯
(θ)
ǫµ(p) =


0
∓1√
2
−i√
2
0


,


pcm
M
0
0
ω
M


, ǫµ(p¯) =


0
∓ cos θ√
2
−i√
2
± sin θ√
2


,


pcm
M
ω
M
sin θ
0
ω
M
cos θ


, (30)
with ǫµ(p) = ǫµ(p,±1), ǫµ(p, 0), ǫµ(p¯) = ǫµ(p¯,±1), ǫµ(p¯, 0) and the scattering
angle θ. The objects d
(J)
λλ (θ) are Wigner’s rotation functions and ω = (M
2 +
p2cm)
1/2. The unitarity constraint now takes the simple form
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t
(J)
λ¯λ
= 〈λ¯|T (J)|λ〉 , Im (t(J))−1
λ¯λ
=
pcm
8π
√
s
δλ¯λ . (31)
For the case at hand the channels JP=+ and JP=− lead to two-dimensional and
one-dimensional projectors respectively. In principal the form of the projectors
follows from a boost of the representation (30). However, it is not straight
forward to boost partial wave amplitudes. In general this task can be quite
tedious. Naive prescriptions typically lead to kinematical singularities and
must therefore be rejected. The precise form of the projectors will be derived
in the following. In a first step the invariant amplitudes Fi are expressed in
term of helicity matrix elements, φi, of the scattering amplitude,
φ1 = ǫ
†
µ(p¯,+1) T
µν(q¯, q;w) ǫν(p,+1) + ǫ
†
µ(p¯,+1) T
µν(q¯, q;w) ǫν(p,−1) ,
φ2 = ǫ
†
µ(p¯,+1) T
µν(q¯, q;w) ǫν(p,+1)− ǫ†µ(p¯,+1) T µν(q¯, q;w) ǫν(p,−1) ,
φ3 =
1
sin θ
ǫ†µ(p¯, 0) T
µν(q¯, q;w) ǫν(p,+1) ,
φ4 =
1
sin θ
ǫ†µ(p¯,+1) T
µν(q¯, q;w) ǫν(p, 0) ,
φ5 = ǫ
†
µ(p¯, 0) T
µν(q¯, q;w) ǫν(p, 0) . (32)
The five invariant amplitudes can be expressed in terms of the helicity ampli-
tudes φi,


F1
F2
F3
F4
F5


=


−1 0 0 0 0
ω ω¯ x
pcm p¯cm (1−x2) − ω ω¯ x
2
pcm p¯cm (1−x2)
√
2ω M¯ x
pcm p¯cm
−
√
2 ω¯ M x
pcm p¯cm
M M¯
pcm p¯cm
ω¯
p¯2cm (1−x2) −
ω¯ x
p¯2cm (1−x2)
√
2 M¯
p¯2cm
0 0
ω
p2cm (1−x2) −
ω x
p2cm (1−x2) 0 −
√
2M
p2cm
0
x
pcm p¯cm (1−x2)
−1
pcm p¯cm (1−x2) 0 0 0




φ1
φ2
φ3
φ4
φ5


,
(33)
where we discriminated the masses and relative momenta of the initial and
final states with M, M¯ and pcm, p
′
cm. Furthermore we use x = cos θ and ω =
(M2+p2cm)
1/2 and ω¯ = (M¯2+ p¯2cm)
1/2. According to the general decomposition
(30) the amplitudes φi can be expressed in terms of partial wave helicity
amplitudes 〈λ¯|T (J)|λ〉,
φ1 =
∑
J
2 J + 1
J (J + 1)
(
〈1+|T (J)|1+〉P ′J(cos θ)
−〈1−|T (J)|1−〉( cos θ P ′J(cos θ)− J (J + 1)PJ(cos θ)
))
,
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φ2 =
∑
J
2 J + 1
J (J + 1)
(
〈1−|T (J)|1−〉P ′J(cos θ)
−〈1+|T (J)|1+〉 ( cos θ P ′J(cos θ)− J (J + 1)PJ(cos θ)
))
,
φ3 = − 1√
2
∑
J
2 J + 1√
J (J + 1)
〈0|T (J)|1+〉P ′J(cos θ) ,
φ4 = +
1√
2
∑
J
2 J + 1√
J (J + 1)
〈1+|T (J)|0〉P ′J(cos θ) ,
φ5 = +
∑
J
(2 J + 1) 〈0|T (J)|0〉PJ(cos θ) , (34)
where we introduced parity eigenstates with 〈1±, J | = (±〈+1, J |+〈−1, J |)/
√
2
and applied the useful identities [39]
d
(J)
00 (θ) = PJ(cos θ) , d
(J)
±10(θ) = ∓
sin θ√
J (J + 1)
P ′J(cos θ) = −d(J)0±1(θ) ,
d
(J)
±11(θ) =
1± cos θ
J (J + 1)
(
P ′J(cos θ)∓ (1∓ cos θ)P ′′J (cos θ)
)
= d
(J)
1±1(θ) . (35)
It now appears straightforward to construct the projectors, Y (JP−)(q¯, q;w),
associated with 〈1−| and parity P− = (−1)J . It is a single-channel projector.
However, it is important to properly boost the results (30,33,34) obtained in
the center of mass frame. As was pointed out in [3] it is incorrect to identify
always
cos θ↔ Yqq¯√
Yqq Yq¯q¯
, (36)
with
Yqq =
(w · q)2
w2
− q2 , Yq¯q¯ = (w · q¯)
2
w2
− q¯2 ,
Yqq¯ =
(w · q) (w · q¯)
w2
− q · q¯ . (37)
It is clear, that if (36) is used for instance in PJ(cos θ), kinematical singularities
at Yqq = 0 or Yq¯q¯ = 0 arise that are unphysical. The latter are realized at the
off-shell surfaces defined by (p · q)2 = p2 q2 and (p¯ · q¯)2 = p¯2 q¯2. Therefore the
naive prescription (36) must be rejected. It would spoil the analytic properties
of the scattering amplitude. In order to proceed it is necessary to boost objects
only that posses a proper frame independent representation. For instance this
is the case for (pcm p
′
cm)
n Pn(cos θ). We identify
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(pcm p
′
cm)
n Pn(cos θ)→
n∑
k=0
c
(n)
k Y
(n−k)/2
qq Y
(n−k)/2
q¯q¯ Y
k
qq¯ ,
Pn(x) =
n∑
k=0
c
(n)
k x
k , c
(n)
n−2 r = (−1)r
(2n− 2 r) !
2n r ! (n− r) ! (n− 2 r) ! . (38)
Note that the combination n− k in (38) is always even and positive. Thus no
square-root singularities are picked up in (38). An analogous replacement is
applicable for (pcm p
′
cm)
n xP ′n(x). We derive
Y (JP−)µν (q¯, q;w) =
J∑
k=1
2 J + 1
J (J + 1)
c
(J)
k k (k − 1) Y (J−k)/2qq Y (J−k)/2q¯q¯ Y k−1qq¯
×
(( 1
k − 1 −
J (J + 1)
k (k − 1)
)
Yqq¯ L1,µν − (q¯ · w) (w · q)
w2
L2,µν
−w · q¯√
w2
Yqq
Yqq¯
L3,µν − w · q√
w2
Yq¯q¯
Yqq¯
L4,µν − k
k − 1 L5,µν
)
,
P− = (−1)J , (39)
where the coefficients c
(J)
k are given in (38) and the Lorentz tensors Li,µν were
introduced in (30). The projector is introduced with respect to
|1(−)c , J〉 = pJcm |1−, J〉 , (40)
rather than |1−, J〉. This rescaling provides the necessary phase space factor
(pcm p¯cm)
J required for the proper definition of the projector. We emphasize
that the projectors Y (JP−)µν (q¯, q;w) are regular at the kinematical surfaces de-
fined by (p · q)2 = p2 q2 and (p¯ · q¯)2 = p¯2 q¯2. The singularity at w2 = 0 can
be avoided by rescaling the projectors by an appropriate power in
√
w2. Since
the kinematical point w2 = 0 is far outside the region where we will be using
the projectors this is not an issue here.
We continue and derive the projectors for the remaining sector. Here an ad-
ditional complication arises. If one tries to introduce a projector matrix with
respect to the helicity states (〈1+, J |, 〈0, J |) it is impossible to arrive at a
result that is free of kinematical singularities. A non-unitary transformation
is required to new states (〈1(+)c , J |, 〈2(+)c , J |) with respect to which projectors
can be obtained that are free of kinematical singularities,
|1(+)c , J〉 = pJ−1cm
(
|1+, J〉+
√
J
1 + J
ω
M
|0, J〉
)
, |2(+)c , J〉 =
pJ+1cm
M
|0, J〉 .(41)
The projector matrix follows
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Y (JP+)11,µν (q¯, q;w) =
J∑
k=1
2 J + 1
J (J + 1)
k (k − 1) Y (J−k)/2qq Y (J−k)/2q¯q¯ Y k−2qq¯
×
(
− 1
k − 1 c
(J)
k Yq¯q L1,µν + c
(J)
k L5,µν
+c
(J−1)
k
w · q¯√
w2
(
Yqq
Yq¯q¯
)1/2
L3,µν + c
(J−1)
k
w · q√
w2
(
Yq¯q¯
Yqq
)1/2
L4,µν
+
k − 1− J
k − 1 c
(J−1)
k
(q¯ · w) (w · q)
w2
Yqq¯
(Yq¯q¯ Yqq)1/2
L2,µν
)
,
Y (JP+)12,µν (q¯, q;w) =
J∑
k=1
2 J + 1√
J (J + 1)
k Y (J−k)/2qq Y
(J−k)/2
q¯q¯ Y
k−1
qq¯
×
(
− c(J−1)k
q¯ · w√
w2
(
Yqq
Yq¯q¯
)1/2
L2,µν − c(J)k L4,µν
)
,
Y (JP+)21,µν (q¯, q;w) =
J∑
k=1
2 J + 1√
J (J + 1)
k Y (J−k)/2qq Y
(J−k)/2
q¯q¯ Y
k−1
qq¯
×
(
− c(J−1)k
w · q√
w2
(
Yq¯q¯
Yqq
)1/2
L2,µν − c(J)k L3,µν
)
,
Y (JP+)22,µν (q¯, q;w) =
J∑
k=0
(2 J + 1)Y (J−k)/2qq Y
(J−k)/2
q¯q¯ Y
k
qq¯ c
(J)
k L2,µν ,
P+ = (−1)J+1 , (42)
We observe that the projectors Y (JP+)ij,µν (q¯, q;w) are regular at the kinematical
surfaces defined by (p · q)2 = p2 q2 and (p¯ · q¯)2 = p¯2 q¯2. Moreover we point out
that none of the projectors depends on any of the masses of initial or final
states. This is an important property of the projector since it implies that the
projectors can also be applied also in the case where initial and final particle
have a spectral distribution.
In order to complete the definition of on-shell irreducibility it remains to ex-
press the invariant amplitude M
(JP )
ij (
√
s ) in terms of the invariant amplitudes
Fi(q¯, q;w). Some algebra leads to,
M
(JP−)
11 =
+1∫
−1
dx
2
1
(pcm p¯cm)J
(
− PJ(x)F1 − 1−x2J (J+1) P ′J(x) pcm p¯cm F5
)
,
M
(JP+)
11 =
+1∫
−1
dx
2
1
(pcm p¯cm)J−1
((
− 1−x2
J (J+1)
P ′J(x)− x PJ(x)
)
F1
+
(
1−x2
J (J+1)
xP ′J(x)− (1− x2)PJ(x)
)
pcm p¯cm F5
)
,
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M
(JP+)
12 =
+1∫
−1
dx
2
p¯2cm
(pcm p¯cm)J+1
(√
J
J+1
PJ+1(x)ω F1 − 1−x2√
J (J+1)
P ′J(x) p
2
cm F4
+
√
J
J+1
(
PJ(x)− xPJ+1(x)
)
ω pcm p¯cm F5
)
,
M
(JP+)
21 =
+1∫
−1
dx
2
p2cm
(pcm p¯cm)J+1
(√
J
J+1
PJ+1(x) ω¯ F1 − 1−x2√
J (J+1)
P ′J(x) p¯
2
cm F3
+
√
J
J+1
(
PJ(x)− xPJ+1(x)
)
ω¯ pcm p¯cm F5
)
,
M
(JP+)
22 =
+1∫
−1
dx
2
1
(pcm p¯cm)1+J
(
− 2 J+1
J+1
PJ+1(x)ω ω¯ F1
+PJ(x) pcm p¯cm F2 − PJ+1(x)
(
ω p¯2cm F3 + ω¯ p
2
cm F4
)
+
(
2 J+1
J+1
xPJ+1(x)− JJ+1 PJ(x)
)
ω ω¯ pcm p¯cm F5
)
, (43)
where x = cos θ and ω = (M2 + p2cm)
1/2 and ω¯ = (M¯2 + p¯2cm)
1/2. In (43) the
invariant amplitudes Fi(
√
s , x) are considered as a function of
√
s = ω+(m2+
p2cm)
1/2 = ω¯ + (m¯2 + p2cm)
1/2 and the scattering angle θ.
The results (39, 42, 43) specify the notion of on-shell irreducibility. For any
two-body amplitude the on-shell irreducible part can be evaluated by first
seeking a representation in terms of the Lorentz tensors Li,µν . The required
coefficient functions in front of the projectors can be evaluated via (43). We
emphasize that the concept of on-shell irreducibility smoothly carries over to
the case where initial or final states have spectral distributions rather than
well defined energy-momentum dispersions. In this case the use of the projector
makes sure that two-body unitarity is fulfilled exactly. Though the evaluation
of the on-shell irreducible part of the effective interaction V will depend on
approximate mass parameters of the initial and final states the latter will not
affect the unitarity condition. All ambiguities related to the finite width of
initial or final states are moved into the interaction kernel. A particular choice
of an approximate mass parameter influences only what is leading order in the
kernel and what will be treated as a correction.
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